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Abstract
We discuss dynamical aspects of gravitational plane waves in Einstein
theory with massless scalar fields. The general analytic solution describes
colliding gravitational waves with constant polarization, which interact
with scalar waves and, for generic initial data, produce a spacetime sin-
gularity at the focusing hypersurface. There is, in addition, an infinite
family of regular solutions and an intriguing static geometry supported
by scalar fields. Upon dimensional reduction, the theory can be viewed
as an exactly solvable two-dimensional gravity model. This provides
a new viewpoint on the gravitational dynamics. Finally, we comment
on a simple mechanism by which short-distance corrections in the two-
dimensional model can remove the singularity.
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An important problem in General Relativity (GR) is understanding detailed aspects of
its highly non-linear dynamics and the time evolution of general distributions of matter.
This includes, in particular, problems involving the emergence of spacetime singularities,
gravitational plane wave collisions and black hole formation. A complete account of back-
reaction in general time-dependent configurations is typically very complicated, but there
are cases where the exact solution is known.
Since the classic works by Einstein and Rosen [1] and Bondi, Pirani and Robinson [2],
many examples of exact gravitational plane waves have been discovered in the literature
and investigated in great detail (see e.g. [3]-[10] and references therein). Plane waves play
an important role in physics and, recently, the LIGO experiment led to a major break-
through by the direct detection of gravitational waves. Unlike electromagnetic or sound
waves, because of the non-linearity of general relativity one cannot just add individual
gravitational waves to build up the resulting geometry. This note is aimed to discuss a
new perspective on the problem.
Our starting point is Einstein gravity coupled to free massless scalar fields,
S =
1
2κ2
∫
d4x
√−G (R(4) − 2∂µφI∂µφI) , I = 1, ..., N .
Note that we are using a non-canonical normalization for the scalar fields. Next, we
consider the ansatz
ds2 = gij(x, t)dx
idxj + e−2Φ(x,t)(e2ϕdy2 + e−2ϕdz2) , φI = φI(x, t) .
The effective two-dimensional action is given by
S =
∫
d2x
√−ge−2Φ (R(2) + 2∂iΦ∂iΦ− 2∂iϕ∂iϕ− 2∂iφI∂iφI) . (1)
The solutions of this two-dimensional field theory thus describe the gravitational interac-
tion between four-dimensional plane waves which at the same time interact with massless
matter. In particular, the plane waves may collide and gravitational collapse, in certain
cases forming Killing-Cauchy horizons.
The vacuum solutions are well known. Our new results will include the construction
of the most general solution to the system in the presence of a non-zero stress tensor
(including the back-reaction) and the interpretation of the gravitational dynamics as
scattering processes in two-dimensional gravity. In addition, we will identify a new class of
four-dimensional geometries supported by massless scalars free of curvature singularities,
which have apparently escaped the notice of earlier investigations.
In contrast to other exactly solvable gravitational models in two dimensions, the
present model originates from Einstein four-dimensional gravity; for every phenomenon
taking place in the two-dimensional world there is a corresponding physical phenomenon
in four dimensions. Note that other dimensional reduction ansa¨tze from Einstein the-
ory do not lead to a solvable model. For example, the Einstein-Hilbert action minimally
coupled to scalar fields and restricted to spherically symmetric configurations leads to
equations that cannot be solved in general form.
1
It is convenient to choose the conformal gauge where the metric takes the familiar
form,
ds2 = −e2σ(x+,x−)dx+dx− + e−2Φ(x+,x−)(e2ϕdy2 + e−2ϕdz2) , φI = φI(x+, x−) , (2)
with x± = t ± x. Except for the scalar fields, these are the gravitational waves studied
by Szekeres [4] and a particular case of Einstein-Rosen waves admitting Killing vectors ∂y
and ∂z. One has a cylindrical wave upon interpreting y as azimuth angle and x as radial
coordinate. Using R(2) = 8e−2σ∂+∂−σ, we find
S = 2
∫
dx+dx−e−2Φ
(
2∂+∂−σ − 2∂+Φ∂−Φ + 2∂+φJ∂−φJ
)
. (3)
Here J = 1, ..., N + 1 , with φN+1 ≡ ϕ . By the following field redefinition,
u = e−2Φ , v = −σ + Φ
2
, (4)
the action takes the form
S = 4
∫
dx+dx−
(
∂+u∂−v + u∂+φJ∂−φJ
)
. (5)
The action (5) can alternatively be viewed as a 2d non-linear σ-model, where the N + 3-
dimensional target metric represents an homogeneous pp-wave in Baldwin-Jeffery-Rosen
coordinates (a detailed discussion on this two-dimensional σ-model and its generaliza-
tions can be found in [11]). A string σ-model with action (5) and its connection with
two-dimensional gravity first appeared in [12]. Here we are interested in the connection
between (5) and four-dimensional Einstein gravity, which was not noticed before, and in
aspects of the four-dimensional exact analytic solutions.
In terms of u, v, the four-dimensional spacetime metric is
ds2 = −e
−2v
√
u
dx+dx− + u(e2ϕdy2 + e−2ϕdz2) .
The key point of the solvability of the model is that the equation of motion for v implies
∂+∂−u = 0 −→ u = u+(x+) + u−(x−) .
The remaining equations and constraints (coming from the g++ and g−− equations) are
∂+∂−v = ∂+φJ∂−φJ , (6)
∂+(u∂−φJ) + ∂−(u∂+φJ) = 0 ,
∂2±u+ 2∂±u∂±v + 2u∂±φ
J∂±φJ = 0 .
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By a conformal transformation we can choose u to be linear in the coordinates. This
basically leads to three possible choices (with different physics). The choice u = x+ leads
to pp-waves with fields depending only on x+. The choices u = 2x or u = 2t involve more
interesting physics. In particular, u = 2t includes solutions representing the formation
of Milne horizons by colliding gravitational waves. The case u = 2x includes domain
wall singularities, cylindrical gravitational waves and other types of travelling waves. The
solutions in the two cases u = 2x or u = 2t are formally connected by suitably renaming
coordinates. For concreteness, let us begin with the case u = 2x. The equations of motion
take the form
x(∂2t − ∂2x)φJ − ∂xφJ = 0 , (7)
(∂2t − ∂2x)v = ∂tφJ∂tφJ − ∂xφJ∂xφJ , (8)
and the constraints become
∂tv + 2x∂tφ
J∂xφ
J = 0 , (9)
∂xv + x
(
∂tφ
J∂tφ
J + ∂xφ
J∂xφ
J
)
= 0 . (10)
Note that we have three equations for v. It is easy to check that (9) and (10) are integrable
and that they imply equation (8).
The general solution to the classical equations of motion including matter is readily
found by introducing the Fourier transform (we omit the superindex J)
φ(x, t) = b0 lnx+
∞∫
−∞
dω eiωtφ˜(ω, x) , (11)
Thus φ˜ obeys
x(ω2 + ∂2x)φ˜+ ∂xφ˜ = 0 ,
with general solution
φ˜(ω, t) = a(ω) J0(ωx) + b(ω) Y0(ωx) , (12)
where J0 and Y0 are Bessel functions. Then, v(x, t) is easily obtained by integration using
(10). This is a simple integral that leads to a quadratic form in Bessel functions, as shown
below in an example. This describes all solutions in GR of the form (2) (adding to the
family the similar solutions with u = 2t and the pp-waves with u = x+).
The solutions with φI = 0 are well known. A classic example is [4]
ϕ =
1√
x2 − t2 , v =
x2
2(x2 − t2)2 , φ
I = 0 , I = 1, ..., N .
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It is easy to check that it solves (7)–(10). It can also be obtained by substituting a(ω) =
const., b(ω) = 0, b0 = 0, into the general solution (11), (12).
One can study axisymmetric gravitational waves by renaming x → r, y → θ, with
(r, θ, z) representing standard cylindrical coordinates. Four-dimensional Minkowski space-
time , ds2 = −dt2 + dr2 + r2dθ2 + dz2, arises from the vacuum solution u = 2r, ϕ =
1
2
ln r
2
, v = −1
4
ln 2r. On the other hand, with the choice u = 2t, the analogous solution
describes a Milne space, ds2 = −dt2 + dx2 + t2dy2 + dz2. These geometries will describe
the geometry of colliding plane waves near the focusing hypersurface for a specific choice
of initial data leading to a spacetime free from curvature singularities.
A particular case of the general solution (12) corresponds to an axisymmetric wave
discussed by Kramer [9]. This is the vacuum solution ϕ = 1
2
ln r
2
+a0J0(ω0x) cosω0t. This
is a time-dependent solution which is regular at r = 0. At this point, the Riemann-squared
curvature invariant is a periodic function of t. A more general class of regular vacuum
solutions is found by setting
ϕ =
1
2
ln
r
2
+
∫
dω a(ω)J0(ωr) cosωt. (13)
They represent standing cylindrical waves that extend the Kramer solution to more gen-
eral wave profiles. Another interesting solution is a standing (but time-dependent) grav-
itational wave found in [13] for Einstein theory coupled to a single massless scalar. The
metric has a domain wall singularity.
Strikingly, in the presence of a non-zero stress tensor, one can find regular, static
geometries supported by massless scalar fields. An example is the solution
u = 2r , v = −1
4
ln 2r + v¯(r) , ϕ =
1
2
ln
r
2
, φ1 + iφ2 = AJ0(ωr)e
iωt , (14)
with
v¯(r) = −A2rω (rω(J0(rω)2 + J1(rω)2)− J1(rω)J0(rω)) ,
leading to the geometry
ds2 = e−2v¯(r)
(− dt2 + dr2)+ r2dθ2 + dz2 . (15)
One can check that Einstein equations (7)–(10) are satisfied exactly. This regular solution
is new. The corresponding scalar curvature is
R(4) = 2a2ω2
(
J1(rω)
2 − J0(rω)2
)
exp
[−2a2rω (rω (J0(rω)2 + J1(rω)2)− J0(rω)J1(rω))] .
Near r = 0, the 2d metric approaches anti-de Sitter space with curvature R(2) = R(4) ≈
−2a2ω2 + O(r2). As the radius is increased, the curvature oscillates between negative
and positive values with an amplitude that decays exponentially. The solution admits a
straightforward generalization by turning on other scalar fields with different frequencies,
viz. φ3 + iφ4 = AJ0(ω
′r)eiω
′t, etc.
The analogous solution corresponding to the choice u = 2t is formally obtained by
exchanging r ↔ t in (14), (15) and it represents an anisotropic cosmology which is regular
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at t = 0 where there is a Milne horizon. The scalar curvature flips sign with respect to
the previous case and near t = 0 the curvature approaches +2a2ω2 (the two-dimensional
metric approaches de Sitter space). The geometry can be analytically extended across
the Milne horizon.
Colliding gravitational waves forming a Killing-Cauchy horizon can be described by
the solution u = 2t and
ϕ =
1
2
ln
t
2
+
∫
dω J0(ωt) (a1(ω) cosωx+ a2(ω) sinωx) . (16)
The horizons appear to be unstable under generic perturbations of the initial data (a
discussion can be found in [6]). The instability is not surprising, given that a generic
perturbation of the form (12) is singular at t = 0 (note that the term b(ω)Y0(ωt) con-
tributes to the singularity, due to the logarithmic behavior of the Y0(ωt) Bessel function
near t = 0).
In the vacuum solution (16) “left” and “right” moving modes have the same amplitude,
because ϕ is real. Coupling GR to massless scalar fields offers the possibility of studying
plane wave collisions with independent left and right-moving components, in terms of
exact analytic formulas that include the back-reaction. To this purpose, we define a
complex field, ψ = φ1 + iφ2. For a mode of given frequency, one has
ψ(L) = Aω e
iωxH
(1)
0 (ωt) , ψ
(R) = Bω e
iωxH
(2)
0 (ωt) ,
where H
(1,2)
0 are Hankel functions. At t → ±∞, we have ψ(L,R) ∼ 1√teiω(x±t). In two
dimensions, these represent left-moving and right-moving particles propagating on the
one dimensional space x. The four-dimensional geometry is found by determining v(x, t)
through an elementary integration using (10), leading to a quadratic form in the Hankel
functions. Because of the logarithmic singularity in the Hankel functions, there is a space-
like singularity at t = 0, where the geometry approaches a Kasner solution.
An important issue concerns the extent to which the formation of singularities in
colliding gravitational plane waves may depend on the ultraviolet (UV) completion of
the theory. Classically, the focusing effect of plane waves makes colliding waves interact
strongly and produce singularities. The question is whether this can change if the short-
distance physics is governed by a different dynamics. This is very difficult to address
in four dimensions. However, the present two-dimensional setup enables one to add UV
corrections to the action and at the same time preserve the solvability of the model. An
interesting model is constructed as follows: one can add to action (1) the local terms
∆S = 2α
∫
d2x
√−g (ΦR(2) − ∂iΦ∂iΦ− 2Φ∂iφJ∂iφJ) ,
with α > 0. Because these terms are not multiplied by e−2Φ, they have a negligible effect
far away from the singularity where e−2Φ → ∞. The resulting two-dimensional gravity
exhibits a number of interesting features and it is worth to be investigated for its own
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sake. In the conformal gauge, the resulting action still reduces to the solvable model (5),
this time with
u = e−2Φ + 2αΦ , v = −σ + Φ
2
. (17)
u is now bounded from below. The resulting physics is therefore not equivalent to the
physics of the theory (1) (note that the field redefinition becomes singular at du/dΦ = 0).
The two-dimensional metric is now ds2 = −e−2v+Φ(u)dx+dx−, where Φ(u) is the inverse
field transformation and one has to choose the branch that at large distances approaches
Φ(u) ≈ −1
2
lnu, where plane waves are described by classical solutions of GR. However,
at short distances, the new terms ∆S become important and the singularity structure
changes dramatically. In the classical GR solutions, there is a singularity at u = 0, where
Φ → +∞. Now, as follows from (17), there is a minimum value of u, umin = α ln eα ,
which is greater than zero for α < e and the singularity at u = 0 is never reached. In
this case, Φ is bounded from above, Φ < Φmax = −12 lnα and Φmax represents a boundary
of the spacetime. By this simple mechanism, the new terms ∆S prevent the formation
of the singularity. Physically, the origin of this phenomenon seems to be related to the
fact that Φ freezes near umin, where its kinetic term gets multiplied by zero. It is easy
to write down the general exact solution to the equations of motion. The solutions for
u, v and φJ are formally given by the same general solution described above, but the
two-dimensional metric is different and now the spacetime has a boundary at Φ = Φmax.
Constructing the full time evolution of the geometry therefore requires a new physical
input in terms of boundary conditions. It would be extremely interesting to explore the
boundary dynamics in this theory, the evolution of the geometry and the global structure
of the spacetime.
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